We study the dynamics of a localized spin-1/2 driven by a time-periodic magnetic field that undergoes a topological transition. Despite the strongly non-adiabatic effects dominating the spin dynamics, we find that the field's topology appears clearly imprinted in the Floquet spin states through an effective Berry phase emerging in the quasienergy. This has remarkable consequences on the spin resonance condition suggesting a whole new class of experiments to spot topological transitions in the dynamics of spins and other two-level systems, from nuclear magnetic resonance to strongly-driven superconducting qubits.
I. INTRODUCTION
The manipulation of spin states by guiding fields in mesoscopic circuits offers several possibilities, from electron spin resonance 1 to electron spin interferometry, 2 among others. This includes the prospects of spin control by geometric means, i.e., by making use of geometric phases 3 that arise under the action of magnetic textures with a suitable topology. 4 Recently, we have shown that guiding magnetic textures undergoing a topological transition can imprint this property in complex spin dynamics. 5 More concretely, we reported electron transport simulations in spin interferometers subject to hybrid spin-orbit/magnetic textures showing a phase dislocation in the conductance as the distinct signature of a topological transition. This result is intriguing as the complexity of the spin dynamics near the critical point does not smooth the way for an intuitive picture of the transition in terms of geometric spin phases.
Here we address the problem of a localized spin subject to the action of time-periodic driving fields which are the time-dependent equivalent of the topological field textures studied in Ref. 5 for spin carriers. 6, 7 This leads us to work within the Floquet framework, an area that has recently become very active due to the possibility of generating novel (topological) phases of matter. [8] [9] [10] [11] We show that the topological characteristics of the guiding field have striking consequences on the spin resonance condition, leading to a definite inflection of the BlochSiegert shift 12 at the critical point where the field undergoes a topological transition. We therefore propose corresponding resonance experiments as a proof of concept for topological transitions in the dynamics of spins-1/2 or any other two-level system as, e.g., strongly-driven superconducting qubits. This approach has the advantage to overcome the difficulties present in spin-carrier implementations as those arising from disorder, multichannel transport and dephasing in hybrid spin-orbit/magnetic textures. Additionally, we develop a suitable theory that captures the topological signature left by the guiding field
Guiding field texture (dashed arrows) undergoing a topological transition at ∆ = 1, from a rotating field (∆ < 1) to an oscillating one (∆ > 1). The field consist of a rotating driving B1(t) plus a constant B2 (solid arrow), with ∆ ≡ B2/B1.
in terms of an emergent, effective Berry phase in the quasienergy of Floquet spin states. In Sec. II we introduce the concept of topological driving fields in Floquet theory. In Sec. III we present our main results concerning the topological imprints on spin resonances. In Sec. IV we present a theory revealing complementary topological features in the Floquet spin states. Brief concluding remarks appear in Sec. V. Technical details are discussed in Appendices A, B and C.
II. SPIN DYNAMICS UNDER TOPOLOGICAL DRIVING FIELDS
Consider a localized spin-1/2 guided by a timedependent magnetic field consisting of two coplanar components: a rotating driving B 1 (t) = B 1 (cos ω 0 tx + sin ω 0 tŷ) and a constant B 2 = B 2x (see Fig. 1 ). This is a Floquet problem described by the time-dependent Schrödinger equation
with Floquet operator H(t) ≡ H(t) − i ∂/∂t and Hamiltonian
where we have introduced the Larmor frequencies ω 1,2 = µB 1,2 / , with µ the gyromagnetic ratio. The general solution of Eq. (1) reads
with quasienergy ε and periodic Floquet spin state (FSS) |ψ(t) satisfying the eigenvalue equation
The FSSs have the form
with time-dependent θ(t) and ϕ(t). The spin dynamics resulting from Eq. (4) can be rather complex depending on the parameter setting in the Hamiltonian (2) . As a rule, the instantaneous quantization axis of the FSSs (5) does not point along the direction defined by the instantaneous field B(t) = B 1 (t)+B 2 . Instead, it typically presents a finite projection out of the field's plane characterized by a θ(t) = π/2 for some t in (5) . An exception to this rule is found in the limit of adiabatic spin dynamics where the instantaneous Larmor frequency of spin precession, ω(t) ≡ (ω 2 + ω 1 cos ω 0 t) 2 + (ω 1 sin ω 0 t) 2 , is much larger than the rotating field's frequency ω 0 . 13, 14 In this limit, the FSSs stay (anti)aligned with the instantaneous guiding field for all t. These adiabatic FSSs reduce to
with η(t) = arctan [sin ω 0 t/(cos ω 0 t + ∆)] and ∆ = ω 2 /ω 1 . The quasienergy of a FSS naturally splits into a dynamical and a geometrical contribution as
whereĒ
is the mean energy and
is the geometric phase of the FSS with s = ±, with Ω s the corresponding solid angle (mod[4π]) subtended over the Bloch sphere during the spin evolution in one time period T = 2π/ω 0 . For the adiabatic FSSs (6), this geometric phase reduces to a Berry phase. 13 Otherwise, it adopts the name of (non-adiabatic) Aharonov-Anandan (AA) phase. 15 We notice in (2) that the magnetic field undergoes a topological transition at ∆ = 1: a rotating field for ∆ < 1 (dominated by B 1 (t) and enclosing the point of vanishing field in its round trip, Fig. 1a ) turns into an oscillating field for ∆ > 1 (dominated by B 2 and leaving the point of vanishing field out of the loop, Fig. 1c ). At ∆ = 1, the total field B(t) vanishes whenever cos ω 0 t = −1, see Fig. 1b . Such topological characteristics leave an imprint in the adiabatic FSSs (6): in a time period T they acquire a geometric (Berry) phase φ B = π for ∆ < 1 while φ B = 0 for ∆ > 1 [obtained after setting cos θ = 0 in Eq. (9)]. Topological transitions of this kind have been expected to show up in transport experiments with spin carriers relying on Berry-phase interference effects. 4 However, this reasoning turns out to be oversimplified: in the vicinity of the transition point ∆ = 1, Fig. 1b , the adiabatic condition can not be satisfied since the guiding field vanishes to reverse its direction and the spins are unable to follow it. Still, a more general approach has shown that field textures can leave a topological signature in electron spin transport simulations even far from the adiabatic regime.
5 A numerical exploration of the timedependent system modelled by Eq. (1) reveals several topological imprints left by the guiding fields away from the adiabatic regime, as we discuss in Secs. III and IV.
III. TOPOLOGICAL IMPRINTS ON SPIN RESONANCE
A resonant transfer of energy between the driving field B 1 (t) and the spins occurs whenever their expectation value along the uniform field B 2 vanishes in a time-period average, i.e., whenever σ x T = 0. Within the Floquet formalism, this resonant condition reads identification of such topological features in the BlochSiegert shift is the main result of this paper.
For a comparison, the dotted lines in Fig. 2 show the position of the resonances in the case of a standard linear driving owning a trivial topology ( ω 1 /2) sin ω 0 tŷ [to be compared with the topological driving of Eq. (2)]. These resonances present a usual Bloch-Siegert shift meeting the horizontal axis at the Stenholm's points (circles).
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Moreover, the dashed lines in Fig. 2 show the points where the mean energy vanishes, running tight along the resonances (solid lines). This suggests that the condition of vanishing mean energy is a good approximation to the resonance condition (10) for our topological driving. Consequently, in Sec. IV we focus on the related topological features underlying at the level of the quasienergy, the mean energy and the geometric phase introduced in Eqs. (7)- (9) . We notice that this approximation is not valid in general cases: it applies to our topological driving but not to linear drivings. In the latter case, the resonant condition (10) coincides with the vanishing-mean-energy one only for weak drivings (ω 1 /ω 0 << 1).
IV. UNDERLYING TOPOLOGICAL FEATURES
In Fig. 3a we depict the quasienergy (7) as a function of the guiding field's setting in Eq. (2) [see Appendix A for details on the numerical method]. More specifically, and without loss of generality, we plot cos(ε + T / ) as a function of ω 1 /ω 0 and ω 2 /ω 0 .
19 There we observe a phase dislocation along the ∆ = 1 diagonal as a sign of the quasienergy's response to the topology of the guiding field. This behaviour resembles the predictions for the conductance of semiconducting Rashba loops subject to similar field configurations (determined by the total phase acquired by spin carriers). 5 It also recalls what expected for adiabatic spin dynamics according to Ref. 4 . However, as we show in the following, the spin dynamics is actually dominated by non-adiabatic effects.
In Figs. 3b and 3c we depict, respectively, the mean energy (in terms of the dynamical phaseĒ + T / ) and the AA geometric phase by plotting cos(Ē + T / ) and cos φ + g as a function of the field's parameters [see Eqs. (7)- (9), and further details on numerics in Appendix A]. There we notice the complex patterns displayed near the critical line ∆ = 1, indicative of a strongly non-adiabatic spin dynamics. This is clearly illustrated by the FSS spin textures, Fig. 4 , adopting intricate shapes with rapidly changing solid angle in the critical region. That demonstrates the unsuitability of an adiabatic treatment for understanding the phase dislocation in the quasienergy (Fig. 3a) as a response to the change in the guiding field's topology.
To gain insight into the topological characteristics stamped on the spin dynamics, we introduce a modified version of a treatment first proposed in Ref. 20 for the study of (Berry) adiabatic phases in spin carriers, here adapted to the case of non-adiabatic spin dynamics (see Appendix B). As a starting point, let us rewrite the Floquet operator as the sum of diagonal (d) and nondiagonal (nd) projections onto the non-adiabatic FSS basis (5), i.e., H(t) = H d (t) + H nd (t). By the sole definition of Floquet state, it must hold H nd (t) ≡ 0 [and, therefore, H(t) ≡ H d (t)]. As a consequence, the FSSs are constrained to satisfy
as shown in the Appendix B. From Eqs. (8)- (11) we can rewrite the quasienergy (7) as (see Appendix C)
thanks to the cancelation of the term proportional to cos θ in Eq. (9). We recognize two contributions to the quasienergy in Eq. (12): a smooth dynamical term proportional to 1/ cos θ [from Eq. (11) we see that this term does not diverge for vanishing cos θ] plus a topological one determined by the integer number
accounting for the windings gathered by the FSSs around the north pole of the Bloch sphere. This is illustrated by 
with φ (6) . Still, the actual existence of complex spin textures with singular derivative ∂ϕ/∂t (corresponding to a spin passing over the poles of the Bloch sphere as in Fig. 4B ) complicates the analysis. In Fig. 5 we represent the winding parity (i.e., the parity of the winding number ) as a function of the guiding field's configuration. As expected, we find opposite dominating parities on different sides of the critical line: even (dark) for ∆ > 1 and odd (white) for ∆ < 1. Interestingly, anomalous regions of fluctuating parity appear along the lines corresponding to a vanishing mean energy (dashed lines in Fig. 5 ). Similar winding-number characteristics have been identified recently in spin carriers subject to magnetic textures. 5, 21 The ultimate reason for that is the proximity of spin resonances (as shown in Fig. 2 ) developing complex spin textures. Such anomalies should not be necessarily understood as noisy phases in the parameter space since they actually show a definite mosaic structure in finer scales (inset in Fig. 5 ). The presence of anomalies ultimately indicates that the winding number , while otherwise useful, is not an optimal indicator of the topological transition. The quest for an indicator that fully captures the topological origin of the phase dislocation in the quasienergy at ∆ = 1, Fig.  3a , remains open.
V. CONCLUDING REMARKS
We have studied the topological imprints left by an external driving in the dynamics of a localized spin-1/2. We find that the topological transition undergone by a guiding magnetic field emerges in the resonance spectrum of the spin system as a distinct inflection in the BlochSiegert shift. This remarkable feature opens a door to a new family of resonance experiments in two-level systems as an alternative to previous attempts to observe realspace topological transitions based on spin-carrier interferometry in mesoscopic loops, 5 the realization of which presents technical difficulties up to date. The possibilities run from nuclear magnetic resonance (NMR) to strongly- driven superconducting qubits (SCQs). In NMR, these effects can be demonstrated experimentally by shaping radio frequency pulses for generating the suitable driving Hamiltonian in the rotating frame of the nuclear spins.
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The predicted effects might be significant for the design of shaped pulses for robust control of quantum systems.
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As for SCQs, 24 we notice that high-order multiphoton interferometry has been demonstrated successfully and the systems can readily be adapted to the topological driving fields proposed here. 25 All results extend to any other two-level system liable to equivalent drivings (as, e.g. adapted versions of Landau-Zener-Stückelberg interferometric setups 26 ). For the topological driving considered here, we found that the resonance condition can be approximated by the condition of vanishing mean energy. This has permitted us to shift our analysis towards the dynamical and geometrical contributions to the quasienergy. As a consequence, we ended up with a description of the topological transition imprinted in the spin dynamics in terms of an effective Berry phase. This description, even when inexact, captures the essential features of the problem. guiding field. We can make the most of the formal identities (B2) and (B3) by noticing that the projectors P ± do not commute with i ∂/∂t (which therefore mixes the FSS subspaces). By following Refs. 20 and 28, we introduce an operator A(t) responsible for the transitions between the subspaces associated with P + and P − while i ∂/∂t − A acts only within each subspace. This is accomplished without ambiguity by defining
which verifies [i ∂/∂t − A, P ± ] = 0 and P ± AP ± = 0. By taking into account the projectors' properties (P 2 ± = P ± and P + + P − = 1), one obtains
H nd (t) = µ B · σ − (B ·l)(l · σ) − A ≡ 0, (B6)
where we have dropped the dependence on t when convenient for ease in notation. Moreover, the explicit evaluation of A produces
We now rewrite H d and H nd in the FSS basis by introducing the instantaneous unitary operator U(t) = cos 
We first notice that
where a ss g (t) = − (sin θ ∂ϕ/∂t + i s ∂θ/∂t)/2 plays the role of a geometric mixing. Moreover, 
The quasienergy reduces then to
thanks to the cancellation of the terms proportional to cos θ in Eqs. (C2) and (C3). We observe that the quasienergy (C4) consists of a dynamical contribution plus a topological one determined by the parity of the integer number = (1/2π) 
